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Diffusion-Based Models

“Creating noise from data is easy; creating data from noise is generative modeling.” [ssk+21]
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Discrete-time Xt\xt 1)
Markov chain.

* “Creating noise”:
A diffusion process that gradually transforms the data distr. to a noise distr. pypise-

[HJA20]

* “Creating data from noise”:

Learn the reverse process that gradually transforms the noise distr. p,oise to the data distr.
“Denoising”.
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Diffusion-Based Models

“Creating noise from data is easy, creating data from noise is generative modeling.” [ssk+21]
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[HJA20]

Clarifications:

d1j0 C]2|1 gn|N- 1
* Forward process: gp — q; — - >N = DPnoise-

* The terminal distribution is tractable: known and easy to (lID) sample.
* Fixed: additional information, step-by-step guidance!

PN-1|N PN-2N-1 Popa
* Reverse process: pypise =:Pn — PN-1 > = Po = (-

e “Reverse” means
p(xo.n) = DN (NP (ey—1]xn) - p(xolx1) == q(xo.n) = qo(x0)q(xqlx0) - q(xn|XN—-1)-

* Principle of learning.

. T fwd  rev , , fwd  rev
* Distribution-to-distribution gy — gy — Py = q¢, not point-to-point x, — xy — x5 # Xxo.
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DDPM
 Evidence Lower BOund
« DDPM simple loss

* DDPM variants Cont.-time improvements Cont.-time likelihood

i DPM'SOIVer ° pg[gE bound.
 Elucidating the design '
of diffusion model

Schrodinger
Bridge

. pg,],?E bound.

Cont.-time view:
e Diffusion process
* VP SDE: Cont.-time DDPM
Interlude: Score Matching

* Training
* Denoising score-matching
* NCSN

* VESDE: cont.-time NCSN Cont.-time techniques:

\ e sub-VP SDE

»  Reverse-process simulation
* Classifier-guided generation
* Probability flow
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Denoising Ditfusion Probabilistic Model

[SWMG15, HIA20]
* Forward process:

* (o = data distribution.
* q(x;lxi_q) = N(x;|y/1 — Bixi_1, Bil), where B; € (0,1). , ; ;
. ;= min max __ Pmin )
D> q(xilxo) = N (x;|vaixe, (1 — a)I), a; = 15=1(1 = B;). Pi="y N‘l( N N )
So q(xnl|xe) = N (0,I) hence g(xp) = N(0,1) !
* Reverse process:
* Pn = N(O)I)
* po(xi—1lx;) = N(xi—ll.ue,i(xi)» FH,i(xi))-

* Inthelimit 8 — 0, p(x;_1|x;) has the same functional form as q(x;|x;_1) [SWMG15].
* Easy to simulate.




Denoising Ditfusion Probabilistic Model

* Training: arg;nin KL(q(x0.8)|1Pg (x0:n)) = arg;nin —MH[qo] — Eg,(x,)[ELBOg(x0)],  [SWMG15]

ELBOg (x¢) = (x1N|x0)[lng6 (x0, x1.5) — 1og q(x1.51%0)]-
. Step by-step supervision: ELBOg(xy) =
Zz ZIEq(x |xO)KL(q(xl 11%1, x0) ||pe (- 1|x1)) KL(CI(xN|x0)||pN(xN)) ‘HE (x1|x0)[10gp9(x0|x1)].

g

=:Li_1(xo) const. handle separately

* Let pg(xi—1]x;) = N(xi—1|ﬂe,i(xi),)/i21)i
1 ~ 2
> L1 () = Boeg |52 1 20) = g, G| + comst.

—_—

. 8, 0(1) (w.rti)
) [HJAZO DDPM] Let ‘ng’i(xl') = 1——,3l <Xl' — \/1—_;%63,1'(36'1')>: evaluation anq
e , — backpropagation cost,
> L 1(x) = i Epo € — €9,i(xi(x0,€))||” + const, since q(x;|xo) can be
l 2v{ 1-Bp(1-ay) sampled in 0(1).

where x;(xg, €) = \[a;xg ++/1 — a;€.

. 2
=>» DDPM simple loss IEqO(xO)IEU(i|{1,...,N})IEp(6)”E — Eg}i(xi(xo, 6))” :
Better generation results. _




DDPM
* Evidence Lower BOund
 DDPM simple loss

* DDPM variants Cont.-time improvements Cont.-time likelihood

* DPM-Solver « p52F bound.
* Elucidating the design '
of diffusion model

Schrodinger
Bridge

. pg,],?E bound.

Cont.-time view:
e Diffusion process
* VP SDE: Cont.-time DDPM
Interlude: Score Matching

* Training
* Denoising score-matching
* NCSN

* VESDE: cont.-time NCSN Cont.-time techniques:

—_— * sub-VP SDE

»  Reverse-process simulation
* Classifier-guided generation
* Probability flow

Chang Liu (MSR) 7



Denoising Diffusion Implicit Models [SME21]

* Define the forward process as: / No longer Markov
qz(x1:n1%0) = q(xn[x0) H]iv=2 qz(xi—1|%i, X0),
where q(xy|xg) = ]V”(\/aNxO, (1- aN)I), and

a5 (xi—11%1, %0) = N (fi; (%1, %0, 67 ), 671), where fi;(x;, %o, 67) = @_1%0 + \/1 — a1 — 67 xl_l—f/__icfo
* D q5(x;ilx0) = N(Vaxo, (1 — al), Vi:

Recovers DDPM q(x;|x,) (though not g(x,.5)) for any 6; schedule: Additional degree of freedom!
* DDPM €g4; can be used to predict x:

Xo0p,i (Xi) = o 1?/6;69’1'(96") (recall fwd. proc. x; = Jaixg + /1 — a;€;).

=>» Define reverse model using DDPM g ;: po(x;—1|x;) = q5 (xi_1|xi,x09,i(xi)).

~2 n — 1_a'i—l
° O' - . =
L ﬁl 1—ai

* Efficient data generation:

* Smaller 6; allows coarser {i; = 0,i4, ..., iy = N}: Accelerate generation by fewer layers!
* If 6; = 0, p(xy|xy) is a deterministic map: This is an implicit generative model (like a GAN).

B; and y; = 6; = Recover DDPM reverse model & DDPM loss.



Diffusion Model for Likelihood Estimation [KSPH21]

* SOTA likelihoods on image, outperforming autoregressive models (previous SOTA).
* Forward process: q(x;|xy) = N(xi|\/7ix0, O'l-zl).

9Cl(lexl) N((xl'qz( _%)1)(].>i)-

« Signal-to-noise ratio: &; := a; /0 decreasing in i, s.t. q(xy|xo) & q(xy) = N(0,I).
* Reverse process:

* Take p(xi|xj) = q (xi|xj,x0 = Xg,; (xj)). Alternatively, use Xy ; (xj) — xj_a\j/?j(xj).
J

™~ It predicts x, from x;, while DDPM model predicts x;_; from x;.

e Loss:

° L;- 1(x0) — l(fl 1 gi)[Ep(e)”xO X l(\/_xO + O-lE)” (fl - = )]Ep(e)”E — é@,i(@xo + O-ie)”Z-
* Also optlmlze noise schedule: let 6/ = sigm(#,), a; = 1 — al

7\DDPM hoi
Lioa o) = L1 — DBy lle — oy + ). O



Optimal Reverse Process [BLzZ22]

* Optimal reverse process to minimize DDPM loss (ELBO):
p*(xo.n) = p(en) [TiL1 P Crialx:), where p™ (i |x;) = N(xi—1|#f(xi);)/£kzl),
H 1 ! ~ i(x;)
HEDENT (xirﬁ(xi + (1 — a;)Vlog gz (x;)), aiz), D Viog gs(x;) ~ — 2=

1-a;
2
* ~ 1-a; ~ 1-a;
° ]/l'z — O-l'z + < ’1__;; — \/1 — dj—_1 — O-l'2> (1 — Ta]Eq&(xi)HVIqu&(xi)llz).

2

~ ~ 1-a; ~
* Bound: 67 < y;* <67 + < /1_ :— 1—a;_1— 0i2> :

» Used to clip stochastic estimate of ;.
e Optimizing shortened diffusion process.

) d i
* KL(qz (xo)llp" (o)) = 5 21, log 2 + C.

* Choose {i'} c {1, ..., N} to minimize:

recovers DDPM.

*2

Vil _qpi! . .
KL(qa(xo, {x; Dllp* (xo, {xir})) = 32{5:2 log 1T 4 C., by least-cost-path dynamic programming.

i’ —1|i’




Optimal Reverse Process [BLS+22]

 Extension to covariance matrix:
* Reverse: p*(xj_1|x;) == N (xi—1|H;(xi),Diag (Y?z(xi))),

 u; (x;) is the same.

ylz(x ) = 0'21 +— — <\/al 1 / \/1 — dj—q 52) (1 - ldiag(covqg(xo|xi) [E(xilxo)]))-
* dlag(Covq (xo|x; )[E(xlle) ) [Eqa(x0|x )[E(xlle) ] qa(x0|xl) [E(xlle)]

)
Train another model hg,l(xl) for this: Estlmated by DDPM €4 ;(x;)2.

mgin E;Ex,Ex;jx ”he,i(xi) — e(x;|x0)? ”2

* Error in €g ; (x;) is amplified in estimating Yi?(x;): it is squared.

2
* Use a third model g4 ; (x;) to estimate (eg,i(xi) — e(xilxo)) . Error not amplified.



DDPM

e Evidence Lower BOund
 DDPM simple loss

* DDPM variants

Cont.-time view:
e Diffusion process
VP SDE: Cont.-time DDPM

* Training >

e VE SDE: cont.-time NCSN

Cont.-time improvements Cont.-time likelihood

i DPM'SOIVer ° pg[gE bound.

 Elucidating the design '
of diffusion model
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Bridge
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Interlude: Score Matching
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* NCSN

Cont.-time techniques:
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Continuous-Time Diffusion Process

e Diffusion Process
T

i €{0,..,N} t:=iﬁe[0,T].
Let N — oo
X; Xt = Xi=Nt/T

ODE: Flow, (deterministic) Dynamics
dx, = fi(x;) dt, where f; := (N/T)fi=nt7-

Xi+1 = X + fi(x;)

Xeyn ~ N (x¢, hI), or
Xesn = X +Vhe

Standard Brownian motion (Wiener process)
dxt — dBt

SDE: Diffusion process (It6 process, No-jump Markov process)
dx; = fi(x;) dt + g, dB;, where g; :== \/N/T gi—n¢/7-

Xig1 ~ N(x; + fi(x), g21), or
Xiv1 = X + fi(x;) + gi€

B ———§——G———



Continuous-Time Diffusion Process

» Diffusion Process and Distribution Evolution/Path

Under the diffusion process
dx; = fi(x¢) dt + g¢ dBy,
distribution of particles is evolving:

qt dt+hn
/\—

o—> o—a./) N < / 90-9 > N <
o/>
X (l)‘ﬂ

(‘)‘/h7f (l)) +Vhg,e Xtin

Fokker-Planck Equation (Kolmogorov forward equation):
2
0:qr = =V - (qefe) + gjtVZCIt-

Liu, C., & Zhu, J. (2022). Geometry in sampling methods: A reV|Cew oLn maSnlfoId MCMC and particle-based variational inference
methods Advancements in Bayesian Methods and /mp/ementat?gns'uw 39.
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Continuous-Time Diffusion Process

* Langevin Dynamics: A common diffusion process.

dx, = Vlegp(x,) dt + 2 dB,.
* When q; = p, we have FPE d;q; = 0: keeps p stationary.

 Simulation: x;,j < x; + hVlogp(x;) + V2h €.

* Only requires an

unnormalized density function / energy function
of p: Vlogp(x) = Vlog%x) = Vlogp(x).
 Gradient flow of KL(: ||p) on the Wasserstein space:

 Exponential convergence if KL(: |[|p) is convex:

e.g., when p is log-concave. q;
 Riemannian-manifold version: 4
dx; = G Vlogpdt +V-G~1 +V2G~1 dB,. — >
o ' o
/ >, ST 8
X (i)o—7
Xt

Liu, C., & Zhu, J. (2022). Geometry in sampling methods: A review on manifold MCMC and particle-based variational inference

. . Chang Liu (MS
methods. Advancements in Bayesian Methods and lmp/emenl‘cn‘?cn)gns':J M, 309.

Wass
Vq

KL(q¢llp)
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Continuous-Time Diffusion Process

* Equivalent Flow of a Diffusion Process
Dynamics Distribution Evolution (FPE)

Diffusion Process dx; = f;(x;) dt + g, dB;. ‘ 0.q, = =V - (q.f,) + %?Vth_
I
I
2 2
Equivalent Flow dx; = (ft(xt) — %Vlog qt(Xt)) dt. ‘ 0tqr = —V - <Clt (ft - gjtwog CIt))-

* Langevin dynamics dx; = Vlogp(x,) dt + v2 dB;
= dx; = Vlogp(x;) dt — Vlogq,(x;) dt
Particle-Based Variational Inference

+ Blob [CZW+18]: Viogp () = (; V0 Kij) /(B Kur) — (V0 Kij)/ S K

—(Z; V0 Kij)/ Gy Kir)

 Gradient Flow with Smoothed Density / Function [LZC+19]: Vlogp( (’)) +{ S KDV oK
jk ik V(DB

e Stein Variational Gradient Descent [LW16]: xt+h «— xt + hLZ j Vlogp (x(]) + Z \Y (,) ]

Liu, C., & Zhu, J. (2022). Geometry in sampling methods: A reV|Cew oLn maSnlfoId MCMC and partlcle based variational mferenEe
methods Advancements in Bayesian Methods and /mp/ementat?gns'uw 39.



VP SDE: Continuous-Time DDPM (ssk+21]

 Diffusion-Process Interpretation of DDPM:

I
i €{0,...,N} @ t:=i%E[O,T].
Let N — oo: :
Xi ¢f> Xt = Xi=Nt/T
I
DDPM: : Variance- Preserving SDE:
x; = /1= B xi_1 ++/Bi€i, <:|r> dx, = ——xt dt + /B dB, t € [0,T].
Bi <"Ir> = (N/T),BL—Nt/T
N

* Variance-Preserving: 2, =1+e Bs dS(Z 1) =1ifXy, = 1.
* Understanding VP SDE:
* Langevin dynamics targeting N'(0,1): dx; = Vlog]\f(xtIO Ddt ++2dB, = —x, + /2 dB,.
* Time dilation dt — 2 d¢ [wwi16]: dx, = —Etx, dt + /B, dB, (or, take G~ = ££1),
Exponential convergence on [0, o] =» Convergence on [O T].



VP SDE: Continuous-Time DDPM (ssk+21

 Reverse Diffusion Process:

Forward SDE (data — noise)
x(O) dx = f(x,t)dt + g(t)dB(t) —)@
' &Y PEY PEF vy ne
score function
dx = [f(x,t) — 92(t{Vx log qt(xi] dt + g(t)dB(t) @

Reverse SDE (noise — data)
B, : reverse Brownian motion. In reverse time t := T — ¢,

dx; = f(x) dt + g; dB, & dxr_g = _fT—f(xT—E) dt + gr_g dBg,
Xe—n = X¢ — hf(x¢) + Vh ge.

* Reverse process (generation):
Only need a score model sy ;(x) targeting the score function Vlog g, (x).

* Learning: minE, . ||sg (x) — Vlogq,(x)  for everyt € [0,T].
0 Qt( ) ’

But Vlog q(x) is unknown!
Chang Liu (MSR) Only data from q(x) available. [R&



DDPM

e Evidence Lower BOund
 DDPM simple loss

* DDPM variants

Cont.-time view:
e Diffusion process
* VP SDE: Cont.-time DDPM

* Training >

e VE SDE: cont.-time NCSN

Cont.-time improvements Cont.-time likelihood

i DPM'SOIVer ° pg[gE bound.

 Elucidating the design '
of diffusion model

Schrodinger
Bridge

. pg,],?E bound.

Interlude: Score Matching
* Denoising score-matching
* NCSN

Cont.-time techniques:

\ e sub-VP SDE

»  Reverse-process simulation
* Classifier-guided generation
* Probability flow
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Interlude: Score Matching Thisis [T9455KL g )|

* Learn a score model sg(x) that targets the data score fanction Vlog q(x):

: - 2
me}anQ(x) I (x) 5 Vlog q(x) ”J But Vlog g(x) is unknown!
=:Drisher(q(X)|pg(x)) Only data from g(x) available.

* Alternative way to learning an energy-based model. Data generation by Langevin dynamics using sg(x).

« |f data follows Boltzmann distribution g(x) « e E®) then s4(x) learns the force field —VE (x)!

* Score Matching [HyvO05]:
Drisher (000 [|pg (2)) = Eqxllsg GOII* = 2Eq(x)[so (x) - Viog g(x)] + Eq(x)|IVIog g(0)]|?,
Eqeolse () - Viegq(x)] = [, se(x) - Vq(x) dx = [, V- (q(x)sg(x)) dx — [, q(x)V - s9(x) dx,
fXV (q(x)sg(x)) dx = gﬁaxq(x)sg (x)-dS = 0, if s € L2(X), q(x) € HE(X) (compactly supp. 1-Sobolev fns.).

> DFisher(CI(x)”pG (x)) - EEq(x)[”SG (x)llz + 2V Se (x)l + IIEq(x)”VlOg q(x)||2,

=:Dsm(q(X)|Ipe (x))
Only requires data from q(x)!

arg;nin Drisher(q(x)|lpe (x)) = arggnin Dsm (g () |lpe (x)).

Chang Liu (MSR) 21




Interlude: Score Matching

When data distributes on a low-dimensional manifold in X, V,. log g(x) is ill-defined.
=> Consider g, (%) = [ q(x) q,(X|x) dx, where g, (%|x) is typically N(f|x, azldim(x)).
e Score Matching [Hyv05]:

Eq )llse(X) — Vzlogq,(D)|* = Eq,lllse N* + 2Vz - s ()] + Eq_z)IVzlog g5 (1.
DFiShGI‘(QO’llPQ) DSM(da”pe)
* Denoising Score Matching [Vin11]:

DFisher(qJ”pe) = Eqa(f)llse (f)llz - ZIEqG(J?) [59 (f) ’ VJZ log QG(yz)] + const.

Fisher identity: Vzlog q,(X) = [ ﬁqua(x, %) dx = [ q,(x|%)Vzlog gy (x, X) dx = E;_(x|5)[Vzlog g, (X]x)],

s0 2 term = Eg_(z) |56 (%) - Eq, (xj) [V 108 05 (Z10)]| = Eq, 2)q0 0 [56 B - V2108 06 (1)] = By, 71) 156 (@) - Vi log g, (F[)]:

=> Introduce Dpgy . (qllpg) = Eq(x)IEqa(jz|x)||Se (%) — Vzlog g, (X|x)|I%.

> Dosm, (qllpe) = Dsm(dsllpe) + EquoEq, (7)x) Vi 108 45 (X212, isg € 1200), 45 (21x) € HYQXO) for g-ae. x.

> arg;nin Drisher (4o lpe) = argénin Dsm(qsl1lpe) = arg;nin Dpsm, (qllpe).

Chang Liu (MSR) 22



Interlude: Score Matching

* Why called “denoising”:

* For Gaussian p,(¥X|x): X = x + o€, € ~ p(e),
2
= EqEpe

2

‘Sg(x + o€) +§

~ X—Xx
Dpsm,(qllpe) = EqoE,, (#)x) HSQ(X) t—
* Sg(X) targets _§ -> Noise-predicting model €9 (X) = —asg(X) !
e Connection to Denoising Auto-Encoder:
. 2
 Auto-Encoder: min IEq(x)”dec@ (ence(x)) — x|| :
* Denoising Auto-Encoder [VLBMOS]:

decg(encg(%))-%  X—x

- 2
Eq(Ep, (z|x)lldeca(enco(0)) — x||” = 0*Eqn Ep (21x)

decg(encg(%))-%
> 6 029

=» DAE has a generative modeling utility.

o2 o2

< score model sg(X)! [Vin11, AB14].



Interlude: Score Matching

Typically 6; = 0in(Omax/Fmin) V-1
* Noise Conditional Score Networks (NCSN) [SE/

* Annealed perturbation: oy,x = 07 > *** > Oy = Opin, St
* 45, (x) = N(x]0, 02 .x]) to explore the sample space,
* 4. (x) = q(x) to approach to the data distribution.
* Score model sg(x,0): also depends on o.
* Extrapolates to Vlogqg(x) = Vlogqy(x).
* Allow Annealed Langevin Dynamics: Explore for all modes + Correct the shape near each.
X« x+a;sq(x,0;) +./2a;€;. (ar; < o to fix SNR)
* Learning: Denoising Score Matching for all steps.
min~ 211 4 Dpsw,, (allpe).

* Choose 1; 1/IE||V,5 log qai(ﬂx)”2 x g? to fix AiDpsm . scale.



VP SDE: Continuous-Time DDPM (ssk+21]

e Learning: mein Ieq(x)”SQ,t(X) — Vlog q,:(x)”2 forevery t € [0, T].
=>» Denoising Score Matching for each step,
o N 2
Dpsm(8) = Eyroa [ﬂtqu(x)Iquo(ﬂx)||Se,t(x) — Vzlog gejo (%[ || ]

Y
DDSMqtlo(CIollﬁe,t)

* The noising distribution g;|o(¥|x) is available and a Gaussian:
Qejo(Z|x) = N(E l gex, A —¢H)D) & DDPM q(x;|xo) = V(X | yazx, (1 — a)I),

t
Ct — e_%fo BS dS.
* Choosing A; « 1/IE||V,3 log qt|0(55|x)||2<:> DDPM simple loss!

Chang Liu (MSR)
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DDPM

e Evidence Lower BOund
 DDPM simple loss

* DDPM variants

Cont.-time view:
e Diffusion process
* VP SDE: Cont.-time DDPM

* Training >

e VE SDE: cont.-time NCSN

Cont.-time improvements Cont.-time likelihood

* DPM-Solver « p52F bound.

* Elucidating the design '
of diffusion model

Schrodinger
Bridge

. pg,],?E bound.

Interlude: Score Matching
* Denoising score-matching
* NCSN

Cont.-time techniques:

—_— * sub-VP SDE

»  Reverse-process simulation
* Classifier-guided generation
* Probability flow
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VE SDE: Continuous-Time NCSN [ssk+21]

 Diffusion-Process Interpretation of NCSN:

|
i €{0,...,N} @ t:=i%e[0,T].
Let N — oo: :
Xi dﬁ Xt = Xi=Nt/T
|
NCSN: | Variance-Exploding SDE:
2 2 |
Xi—1 ~ N(xo, O-i—ll)' Xi ~ N(XO, O-i I) |
|
9 Xl — xl'_l + \/O-lz - O'lz_lél ¢::> dxt — \/ (O-tz), dBt, t E [0, T]

Oj & Ot *= Oj=Nt/T-

* Variance-Exploding: £, = ofl + (Zqo — 0021) — oo when t — oo,
e Understanding VE SDE: Time-dilated Brownian motion.



VE SDE: Continuous-Time NCSN [ssk+21]

* Learning: Denoising Score Matching for each step,

~ - 2
Dpsm(8) = Eyti[o,1]) [ﬂt{qu(x)eq|o(f|x)||Se,t(x) — Vzlog g0 (X10)| J]-

Y
DDSMqtlo(QO”ﬁQ,t)

* The noising distribution g.|o(¥|x) is available and a Gaussian:

qejo(E|x) = N(X | x, (6f — 0§)]) & NCSN g, (¥]x) = N(% | x, 61).

* Choosing A; « 1/IE||Vf log qtlo(ﬂx)”z & NCSN loss!

Chang Liu (MSR)
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Score Model and Noise-Predicting Model

* Learning: Denoising Score Matching for each step,

~ - 2
Dpsm(8) = Eyti[o,1]) [ﬂt{qu(x)eq|o(f|x)||Se,t(x) — Vzlog g0 (X10)| J]-

Y
DDSMqtlo(QO”ﬁQ,t)

* 1f o (X|x) = N (% | apx, 6f1), then A, o« 1/E||V;log qt|0(f|x)||2 x g7, and

2
50,0 + = ] = Ey(eifoa]) |Eqor) Ence 10656, (%) + €|

> —0,5g,(X) predicts the “noise”: €g ((X) = —0.5g +(X).

Dpsm(8) = Eyti[o,]) [01:2 Eq,00Epce)

= Dpsm(6) weighs noise-predicting losses equally (sim. DDPM simple loss).

Chang Liu (MSR) 29



Relation between VP and VE

&
&

)I) = N(xthtxO'gt Ut I) &

VP
SDE: dx, = ——xt dt + /B; dB;
q(x¢|xo): N(xtktxO: (1-
= e Zf Bs ds UE: fot,gs ds.
op VE Cs
Relation: Xyt = ——,
./05—05
(o8)’
'Bt UL?_UO

Chang Liu (MSR)

VE

dx, = /(c7)’ dB,

N (xclxo, (0f — o)D)

VP
VE _ Xt
Ct

30



DDPM

e Evidence Lower BOund
 DDPM simple loss

* DDPM variants

Cont.-time view:
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* VP SDE: Cont.-time DDPM
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New Diffusion Process: sub-VP [ssk+21)

sub-VP SDE: dx, = — 5, dt +/B.(1 — ¢f) dB,. (recall ¢, == 2o s 85)
o Zsub —-VP _ (1 )21 +§' Zsub VP

ZS“b VP < ZVP if ZSUb —VP — ZVP hence the name.

o lim Z5U0~VP = lim £/P = ['if lim f S, ds = oo, hence g, converges to (0, I).

t—o oo t—> oo t—ooo

.. ~ ~ 2
* DSM ftraining: DDSM(H) = ]EU(t| 0,1]) [At[qu(x)IEqﬂo(ﬂx)”SQ t(x) — Vi log Qtlo(xlx)” ]
* The noising distribution g o (¥|x) = N (X | ¢:x, (1 — ¢{ 2)2]) is available and a Gaussian.

General SDE:

. 112 s
* DSM training: Dpsm(0) = Eytjjoa]) [AtIqu(x)Iquo(a'le) [||59,t(x)|| + 2V - Sglt(X)” + const.

* No need of qt|0(f|x) density: Only need samples drawn by the forward process.
* But drawing samples for g (X|x) takes O(t) cost.
* And Vy - sg (%) requires d backprops.

» Sliced score matching V- s = Ej [ V(s ' e)] [SGSE19]: 1 backprop but noisy.
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Reverse Process Simulation ssk+211

Forward SDE Reverse SDE

dx, = f(x) dt + g¢ dBy, % dx; = [f(xt) — g¢Vlog q.(x,)] dt + g, dB;.
Forward SDE discretization Reverse-diffusion sampler:

X; =Xi—1 +Afi—1 +A9i1€61, @ Xi—1 = X; — Af; + Agi*sg,(x;) + Agie;.

VP SDE discretization (DDPM):
X =1 = BiciXi—1 +/Bici€im1, © Xi—1 = (2= /1= Bi)x; + Bisei(x) + /Bie:.

Not DDPM reverse process: “Ancestral sampler” x;_; = \/% (xl- + ,Bisg,i(xi)) + \/Eei (differ by O(;)).

Bi
VE SDE discretization (NSCN):

_ 2 2 _ 2 2 2 2
Xi = Xi—1 t \/Ui —0;_1€i-1, g Xi—1 = X; t (Ui - i—1)59,i(xi) + \/Ui — 016
Ancestral sampler: parameterization for ease of ELBO, '\
o2 (g?—-g?
Xi—1 = X; + (al-z — O'iz_l)Sg,i(Xi) + \/ i=a ;_2 1) €;.  Notthe NCSN sampler x;_; = x; + 654, (x;) + V2 0;¢;:
' directly targets p;_; instead of p;_y;.
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Reverse Process Simulation ssk+211

Predictor-Corrector (PC) framework:
* Predictor (P): Reverse SDE discretizer for p;_q); (e.g., reverse-diffusion sampler, ancestral sampler).

* Corrector (C): dynamics-based MCMC targeting p;_; (e.g., Langevin dynamics):
Enabled by the score model sg ;4 for p;_4!

e Original NCSN: C only. Original DDPM: P only.

Algorithm 1 PC sampling (VE SDE) Algorithm 2 PC sampling (VP SDE)
1: xn ~ N(0,02,4I) I: xy ~N(0,1)
2: fort =N —1to0do 2: fort =N —1to0do
3: X, Xiy1 + (0741 — 07)sex (Xit1,0i41) 3: X, — (2= T=Bis1)Xis1 + Bir1Sg# (Xis1,5 + 1)
4: z~ N(0,I) :

| ’ . 5 4: z~ N(0,I) .

5! X — X5+ \/O'Hl — O0;Z 5: x; «— x;- -+ \/mZ Predictor
6: forj =1to M do 6: forj=1to M do Corrector
7 z ~ N(0,I) 7 z ~ N(0,I)
8 Xi < X; + €;Sgx (X4, 0:) + \/2¢€;2 8 X; < X; + €;Sgx (Xi,1) + V/2€;2
9: return xo 9: return xo

P: reverse-diffusion sampler. C: Langevin dynamics. (-;—+;, Z = €, € = h)
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Classifier-Guided Generation ssk+21]

If we additionally have a classifier p;(v|x), then we can do controlled generation:
Target Reverse process (data generation)

Unconditioned: q;(x;) dx, =

Conditioned: q;(x¢|y) & qc(xp)p:(v|x,) dx, =

Energy-Guided: §,(x;) « g;(xp)e F&0)  dx,
[ZBLZ22]

Q

* Examples: class-conditional image generation,

e [DN21,LZB+22b]: more results.

fe(x) = g7V, log 4. (x)]dt + g, dB,
fe(xe) = 9%sg ¢ (xp)|dt + g, dB;.
fe(xe) — g2Vy, log q.(x.|y)|dt + g, dB,

~ [fi(xe) — g#(s6,:(x) + V, logp.(v|x)]dt + g dB..

fi(x) — g2 Vy, log e (x,)]dt + g, dB,
fe(xe) — g¢ (SH,t(xt) - VE(xt))] dt + g, dB;.

image imputation, image colorization.
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Probability Flow ssk+21]

Diffusion process (SDE) Equivalent flow (ODE): Probability Flow.
2
dx; = f;(x) dt + g, dB;. g dx, = (ft(xt) - %Vlog Clt(xt)) dt.
* Same marginal q;, different joint gg.¢. T~ = Fi(xy)

* Point-to-point process: deterministic and invertible.
* xr is now a representation of x; (for e.g., manipulated generation).

* Unique identifiable encoding:
the map x, — x is uniquely determined by data g, (x), regardless of model.

* Likelihood/Density evaluation: when dx, = f,(x,) dt, FPE > %log q.(x)) = =V fr(x;) >
T ~
log qo (o) = logpr(xr) + J, V- fg,:(x¢) dt.

* v.s. ODE flow / continuous normalizing flow (CNF) models:
DSM training decomposes the loss into each step i, effective for deep models.



Probability Flow ssk+21]

Diffusion process (SDE) Equivalent flow (ODE): Probability Flow.
2
dx; = f;(x) dt + g, dB;. g dx; = (ft(xt) - %Vlog Clt(xt)) dt.
* Reverse process (data generation). T~ = F(x,)
Forward SDE discretization Reverse ODE (prob. flow) discretization
Ag;®
X =Xi—1 +Afi_1 +Agi_1€64, @ Xio1 = % — Af; + = 56,(x7).
VP SDE:

X = 1= BiaXi—1 +/Bi16im1, @ Xiog = (2= 1= B;)x; + %ﬁise,i(xi)-

* VE SDE:

— 2 2 _ 1.2 2
Xi = Xi—1 + \/O'i —0;_1€i-1., & Xi—1 = X + E (O'l' — O'i_l)SQ,i(xi).

* v.s. Reverse SDE simulation: Determinacy allows using larger step size [LzB+22].



Diffusion Model as Diffusion Process (ssk+21]

Forward process: | SDE/ODE:
|

e NCSN:x; = x;_4 + \/aiz — 0/ €i_1, €11~ N(0,D). % dx; = +/(0f) dB,, t € (0,T].
| 1

 DDPM: Xi = 4/ 1-— ﬁi_lxi_l + Vﬁi—lei—ll €i—1 ™~ N(O, I) <F dxt — —E,tht dt + \/Ft dBt, t € (0, T]

Reverse process:
* NCSN:

(rev. dlff) Xi—1 = X; + (O'iz — O'iz_l)ngi(xi) + \/O'l-z — O'iz_lEi.

Ji2—1(ai2_ai2—1)

§——— G

(ances.) x;_1 = x; + (67 — 6/1)sg,; (x;) +\/ L €;. dx, = —(62)'Vlog g, dt ++/(c2)’ dB,.

(prob. flow) x;_; = x; + % (67 — 071)s0.:(x))- | i dx, = —%(af)’VIOg qs.

* DDPM(y{ = B;):

(rev. diff.) x;_y = (2 — /1 = By)x; + Bise, (x) + +/Bie;.

(ances.) x;_q = \/%ﬁl (xi + ,BiSQ,i(Xi)) + \/Eei. }»I dx; = —f; (% + Vlog qt) dt + \/E dB,.
d

1
(prob. flow) x;_; = (2 = /T = Bi)x; + 3 Bise, (x). xp = =5 G + Viogg)dt.

Loss:
* NCSN loss, DDPM simple loss

= g-——¢

~ - 2
DSM IEt)ltIqu(x)qt|0(9Z|x)”Se,t(x) — Vg log CIt|0(x|x)” -



Diffusion Model as Diffusion Process

e Quantitative convergence result [DTHD21]:

Let the forward process be dx, = —ax, dt + V2 dB,, a = 0, and discretization step size be y;.
Theorem 1. Assume that there exists M > 0 such that for any t € [0,T) and x € R?

Isg+ (¢, 2) — Vlogps(z)|| <M, (8)

with sg~ € C([0,T] x R RY). Assume that pga € C3(R?, (0, +00)) is bounded and that there
exist dy, Ay, Ag, A3 > 0, 81, B2, B3 € Nand my > 0 such that for any © € R* and i € {1,2, 3}

|97 1og paaa ()| < As(1+ %), (Vlog pua(@), 2) < —my [J]* + di ||

with 31 = 1. Then for any « > (), there exist B, Cy, D, > 0 such that for any N € N and {f}f;g}jf:l
with v, > 0 forany k € {1,..., N}, the following hold:

Due to the error
between pr and pyrior-

(a) if o > 0, we have ||L£(Xo) — paaal|Tv < |Ba exp[—al/2T] 4|Co (M + 51/2) exp[D,T);
(b) if a« = 0, we have

|L(X0) — paaal|Tv < Bo(T™1 4+ T71/2) - CoM + 5'/2) exp[DoT; Due to discretization error.

where T = ZLI Vk» ¥ = SUDgeq1,..., N} Tk and p(xo) is the distr. of x, from the discretized reverse process from ppyrior(XT).
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Fast Reverse-Process Simulation (DPM-Solver) [LzB+22b]

* For fast simulation:
* Prob. ODE is preferred: deterministic dynamics allows larger step size.
* Reverse SDE: more robust to model error but the step size is limited by the randomness.

* Formulation:
* For semi-linear ODE dx; = a;x; dt + h;(x;) dt,
=> “Variation of constants” formula: x; = ¢;sxs + fst Stiche (x7) AT, where ¢ys == e
* Forward process: q(x;|xq) = N (x;|\/@;xo,671), and SNR §; = a; /07 decreases in i [KSPH21].
=» Forward SDE: dx; = z (log a;)'x; dt + at\/T/l’t dB;, where 4; := %log e
=>» Prob. flow ODE: dx; =-(loga;)'x, dt — g, A€, (x;) dt.

=» VoC formula: Xp = %xs — \/a_tf;te"le;t(x,l) dA.

fst a; dt

* Integrate w.r.t t = integrate w.r.t A.
* Exponentially weighted integral of €,: kind of exponential integrators in ODE solvers.



Fast Reverse-Process Simulation (DPM-Solver) [LzB+22b]

* Implementation using VoC formula: x;, = %xs — \/a_tf;te"le,l(x;t) dA.

k—1
A=A )"
* Taylor-expand ép(@x,A) = > A= Ay 5 (@r,, s Auy) + O(A = A )F),

n!
n=
' — A (A=A )"
and the integral becomes "~ ¢{"(z,, A, 1)/ e A A+ O(h)
g M
~(n), n=0 A i )
Does not actually depend on €, AnalytlcaIIyY available!
DPM-Solver-1. Recovers DDIM!
- g, - L ~
Tty = ———Bt,_, — o, (" —1)eg(@y,_, ti—1), where h; = A, — Ai,_,. Algorithm 2 DPM-Solver-3.
ti 1
Algorithm 1 DPM-Solver-2. Require: mitial value .LT, time sleps {t:}M ), model €
1 :L,g[]{—i[:']“ Flf— T".r‘:—
Requlre initial value @, time steps {f;} . model €y cfori+— 1ltoM do
;@ ‘:— £Z 3 S9;_1 + Ty ()\f + '?']h..,:) . So; 4 Ty ()\f -+ Tzh-i_)
2: t‘nr: _<_{_lfm ﬂi::}{r _ }W) 4: Wo; 1 “:”zl l.:l:f L= O (e 1) € ( Ctil)
S A 2 3 Dy 1 < €g(uzi—1,82i—1) — €g(&y,_,, ti—1)
) hy Y g - o s - Fon. T e2hi
U; (:_‘lﬂ‘r L — s, (F” _])‘Eﬁ(mf tict) 6 Wo; :, i*lﬁ?f;_l — 04y, (€72 —1) eo(®y, | tioq) — = . ( igh,- - —1) Ds;
By, — ——&y, , — oy, (e" — 1) gy, s;) 7 Do; + €g(uai, 52:) — €g(@s, ,,1i-1)
T ~ g, -~ , - o f el
6:\end for 8: Ty, & G Ty — O (e" = 1) ep(®y,_, tio1) — S+ (Tl - )D:h:
eturn =, 9: end for

10: return x4,

Saliently better (in FID) than RK (same order, same step'size):'Error of the linear part ODE may increase exponentially.
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Relation between VP and VE

&
&

)I) = N(xthtxO'gt Ut I) &

VP
SDE: dx, = ——xt dt + /B; dB;
q(x¢|xo): N(xtktxO: (1-
= e Zf Bs ds UE: fot,gs ds.
op VE Cs
Relation: Xyt = ——,
./05—05
(o8)’
'Bt UL?_UO

Chang Liu (MSR)

VE

dx, = /(c7)’ dB,

N (xclxo, (0f — o)D)

VP
VE _ Xt
Ct
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Elucidating the Design of Diffusion Model aat22;

General affine-drift diffusion & Time-dilated Brownian motion

SDE: dxt — atxt dt + gt dBt & dft = ./ (Utz)’ dBt
q(xelxe): N (xelsexo, sEviD), & N(&|R, v21)
t t 3
q(x;): q:(%) = ¢ %qy,(X/cp), & ge(R) = qu,(Re)
qv(x) = (qo * N(0,v%D)) (x).

Relation: & xp==t

, Ct

2

Probabilistic flow: dX; = — (U;) Vg log g (X,) dt = —%Vft log G, (%;) dv?.

=» Every realization of prob. flow is a reparam of the same ODE! v; reparams t, ¢; reparams Xx.

=» So the generation process is largely independent of the model structure and training details.

=> Design diffusion process by (¢, v;) schedule in stead of (a;, g;).
VP [42] VE [42] iDDPM [33] + DDIM [40] Ours

Sampling (Section 3) .
Schedule Uy w/e%ﬁ“2+5mmL——l Vi t t

1 1 1

E 1 g 4240 a9 .
Scaling ¢t 1/V ezt it

47



Elucidating the Design of Diffusion Model xaac2

e Deterministic Sampling (Data Generation)

* Model: Denoising Auto-Encoder framework: Vlog q,, (x) = Do(xive)—x

uF;
. dx; _ (Ct ’) vt (xt )
Prob. flow: " ct+vt Xt =Gt~ Dg -Vt )-

e (¢;,ve) schedule: ¢; = 1, v, = t.

. d -D it
=> s.t. Prob. flow is dxtt =Xt ‘Z(xt ).

A single Eulersteptot =0, xg = x; — t

Xe—Dg(x¢;t)

= Dg(x;; t), is the denoised image.

t

=» Recovers DDIM [SME21].

2 40

| e 20

q¢(x) plot,
1 0
with o = E (51 + 5_1) 5

0 4

_.20 -

2 T T T 40 T T T 40 T T T T 1
t=0.0 0.2 0.4 0.6 0.8 j:O 200 400 600 t=0 5 10 15 20 25
(a) Variance preserving ODE [42]] (b) Variance exploding ODE [42] (c) DDIM [40] / Our ODE
Local grad does not Extreme curvature near data Solution trajectories are lines

point to data. (large integrator error). pointing to the mean of data. 48



Elucidating the Design of Diffusion Model aat22)

e Deterministic Sampling (Data Generation)

. . dx ! V] v} X
* Simulating Prob. flow: == = (ﬁ + —t) Xy — ¢t —~Dg (—t; vt):
de¢ St Ut Ut St

* RK45 not suitable: multiple Dy evaluations outweighs its better order.
* Leverage higher-order solver: Heun’s 2"-order (O (At3) local error) integrator.
* Time steps: |t;;;1 — t;| should decrease monotonically with decreasing v, (std of blurring Gaussian).

: p
E.g., choose t; s.t. v, = (vrh/a‘; + ;(Ul/P _ vrln/aﬁ(» I;<y + OL;_y (best p = 7).

N—1 \ min

Algorithm 1 Deterministic sampling using Heun’s 2" order method with arbitrary o (¢) and s(t).

I: procedure HEUNSAMPLER(Dg(x: o), o(t), s(t), ticqo,....ny)
sample o ~ N (0, o°(to) s°(to) I) \ \ &> Generate initial sample at ¢

Faw i — TN AT 11 Aa Ve . e Calira Ta A ;sras AT timaa ofaso
1 - .
v | — Original sampler
) 2

FID FID \
Our reimplementation

2
2.
— i FID N
to = T is the 500 . 500 f— 20
— H W i \ \
tN O IS the 100 \ ° 200 ™ ‘| — + Heun & our {t,}
50 \ . 100 \ 10
\h
15

[ is reverted:

=0 A ! — + Our () & s(t)
] .
‘ ' - = Black-box RK45
#{neural 20 90 : .
v [y ]
10 ‘,, \
5 : ——— 3 T p— -— _
. ‘\-‘ — 4

. 10
function \ 5 L

3 : . ]
eval.} 2 3 27 ] 9 70

2
NFE=8 16 32 64 128 256 512 1024 8 32 128 512 2048 8192 8 16 32 64 128 256 512 1024

LY

T LY
-

(a) Uncond. CIFAR-10, VP ODE (b) Uncond. CIFAR-10, VE ODE (c) Class-cond. ImageNet-64, DDIM 49



Elucidating the Design of Diffusion Model aat22)
* Stochastic Sampling (Data Generation)
* Generalized SDE “[19, 51]”:
dE:vi = - (2)'/2 Vzlog qy,(x) dzi — :i’(f) vt Vglog qy,(x) dzi+3/2,8(t) U, dBtl

Sy

+: forward. probability flow ODE (Eq. 1) (take ¢; = 1) deterministic noise decay noise injection
-: reverse. Predictor h

-

Langevin dqi‘%usion SDE Corrector
!/

* B = vs/v; =» Forward & reverse VE SDEs [SSK+21].

* Oversaturated colors: score model (Dy(x;v:) — x)/v? is non-conservative.

Algorithm 2 Our stochastic sampler with v, =tand ¢ =1 and B = U{“/Ut -5 dx; = Z(Xt — Dy (Xti t))/t dt + V2t dB;.

1: procedure S'I'DCHAS'['JC%:\MI‘LI:’J!‘.I:.D{.'{ILv}. tic{0,... N} YVie{0,...,N—1}+ Tnoisc)

i inp:: ﬁ;] “u’"véﬂ_ ’flu}ljﬂ o {min(iﬁm. «,-"E—l) if &4 € [Sumin  Siman] v O_nly.enable stochasjcicity

4 sample €; ~ A(0, 52, 1) () within a range of noise level.

5: ti + & + ity m . = Select temporarily increased noise tevel ; High-order discretization: Langevin
6: o w AV — e = Add new noise to move from £; to f, . .

7 d; + (& — Do(&:;1:)) /1. > Evaluate dz/d¢ ati; Churn ¥; for looking gradient ahead.
8. Tipr — @+ (L — 1) d; > Take Euler step from &; to ;4

g- it f;.1 == 0 then

1(): d; (:Ir;_l — Dgl@iv1; tip :l],.f'-'i;_J = Apply 2™ order correction

1 Ti1 — &+ (i — 6)(3di + 3di)

[2: return

50




Elucidating the Design of Diffusion Model aat22)

* Training
* Score function model Fy has a target with a less variant noise level than
Dg(x;v) = x — vFy(x;v), but error occurs for large v.

* New formulation: B(J{=EU) — f-'-r-;lu['n{v]' T + 'r-'uul[:vjl Fﬂ ({’.‘-j"(Uj <L (-"Ililllhl.‘.'livj)

9 Tra|n|ng LOSS - Ev.y.n l:}"(v) "-'uui(v)‘-i H:FH (r-'in{v) ) (y + '1‘1) !’.’””]‘W{UUJ— '-"....r]&u'} (y - f:xLi]](U:l . {y + TT..:I} H§-| .

g -

- . T . T
effective weight network output

effective [n:;ning target
* ¢in(V), cout(V): make Fp's input & output have unit variance.

. Cskip(v): amplifying errors in Fy as little as possible.

* A(v)=1/cout()?.

* U ~ Dirain(V): log normal distribution.



[ is reverted:

Elucidating the Design of Diffusion Model kaat22)

Dg(x; o) = éﬁkip(g}m

+ Cout(0) Fy (Cin (r:r):I: .:’:nuih.c(rr)j; Fy repi'esentﬁ the raw neural network layers.

M = 1000

M = 1000, j, = &7

* Summary VP [42] VE [42] iDDPM [33] + DDIM [40] Ours

Sampling (Section 3)

ODE solver Euler Euler _ Euler 2™ order Heun

Time steps tiew 1+ ﬁ{‘cs — 1) :‘.FE.“.I [‘Tﬁam"f”max) t |_,|.; Mr__r where (”num% +

/ wpp =10 . _.x'r‘_] I:'mein; _'meaxF ]}ﬂ'
. H i ad+1
to = T is the prior step, U, 1=\ s e |
ty = Oisthe datastep. Schedule . oft) Ve +imt 1  /F ; ¢
. U v T TR

Scaling s(t) 1/ e3fat*+Bmat 1 1 1

Network and preconditioning (Section 5)

Architecture of F DDPM++ NCSN++ DDPM (any)

Skip scaling  cqipler) 1 1 1 Oaal (07 + 01ua)

Qutput scaling cou (o)  —a o — O - Oata) /O gy + 02

Input scaling  ¢j(o)  1/ve? + 1 1 1/ vo? + 1 1/v/a? + 4':riﬂ,‘I

Noise cond. cpeise(o) (M — 1) o) lnl[.l_,n:T] M —1—argmin; [u; — o ll Inie)

Training (Section 5)

Noise distribution a o) ~Ule, 1) In{e ) ~U(In{om, ), g=u;, j~U{0,M-1} In{o) ~ N(Pyem: Pia)

In(Fpax ) ) ,

Loss weighting Ao) 1/0? 1/a*® 1/a®  (note: *) (0% +05,) /o o)’

Parameters By =199, fnin = 0.1 opin = 0.02 a; = sin’ (% wrebes) Tmin = 0.002, Opax = 80
e = 107% 6 =10""  op = 100 1 = 0.001, T2 = 0,008 T = 0.5, p =

Pnuunz —1.2, Rm =1.2

*1iDDPM also employs a second loss term Ly

' In our tests, o = 8 yielded better FID than j; = 0 used by iDDPM
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Diffusion Process and Data Likelihood [SDME21]

* Question:
* DDPM simple loss <~ Weighted Denoising Score Matching,

DDSM(H} /1(.)) = [y [AtEqO(x)qt|0(az|x)||59,t(f) — Vi log Qt|o(f|x)||2], with 4; o 1/[E||Vaz log Qt|o(f|x)”2-

DDSMqtlo(CIo”ﬁe,t)
« DDPM loss (ELBO) < ?

* Setup Effective drift f,(x,):
2
* q;: Forward SDE dx; = f;(x;) dt + g; dB;, xy ~ qq > f; — g—tVlog qt.

° PGI?E Reverse SDE  dx; = fi(x,) dt — ggse,t(xt) dt + g, dB;, xp ~ pr = f; — g¢ S0, + 2 VlogPSDE-
2 2
* Pglt)E Reverse ODE  dx; = fy(x¢) dt — g?tse,t(xt) dt, xr ~ pr 2 fi - _59 t-

. logpgDE(xO) = logpr(x7) + fOTV  fo.t(x¢) dt: too costly for optimization (no step-by-step loss).
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Reverse SDE and Data Likelihood [SDME21]

e Results “likelihood weighting”

e Thm. 1. KL(qOHpg’BE) < Drisher(0; Ay = g(z,)/Z) + KL(g7||pr) (under some regularity),
N 2
where Drisper(6; A(y) = Eq [At]eq(yz)||59,t(X) — Vlog q:(%) || ‘]-

DFisher(CIt”ﬁB,t) = DDSMq“O(CIO”ﬁH,t) + C.

* Cor. 1. —E,, [logprE] < DFiSher(H; g(z_)/Z) + C. = DDSM(H; g(z_)/Z) + C.
* Thm. 2. Assume 3{r;}; be led by the forward process from some ry s.t. 77 = pr and sy = Vlogr.

Then prE = prE = 1, and the equality holds: KL(q0||p2%E) = DFisher(H; g(z,)/Z) + KL(gr||pT).

* Understand the condition: “self-consistency”.

— SDE _ ODE SDE _ ..ODE
Sor = Vlogpg: & sgr=Vlogpgy & pp: =DPoe -
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Reverse SDE and Data Likelihood [SDME21]

* Results
* Thm. 3. —logpg g SDE (x) < LESheT () = LDSM(x), where:

LQISher(x) = —[Equo(flx) [log pT(X)] + IEtIeqlo(ﬂx) [% ”SQ,t(x)” + thV ) SQ,t(x) -V ft(x)]/

- 2 - N 2
LgM(x) = —Eqp 010 [log pr(%)] + E¢ lgz—t IEq“O(mx)”Se,t(x) — Vzlog gejo (%) || ]

gt IENTY: -
—EEq, oz |2 |Vz log qro @0 + V- £:®)|.
* Point-wise bound. Allow estimating likelihood/density for pSDE (constant known).
* Continuous-time version of the DDPM loss (ELBO)!
2 . 2
* The weight of score-loss term ‘%t > % matches the DDPM loss weight Z(ﬂf‘ﬂ) if adopting the
Bi l

= o (1= B g IV 108 45 (x)II2) < 124

analytic optimal reverse variance al-*z 1-8;
l
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Reverse Prob. Flow ODE and Data Likelihood [LZzB+223]

/ Taking Ay = g()/Z
» Thm. 1. KL(qollpo ") = Drisher(8) + KL(grllpr) + Daier(6) = Dopr(6) + KL(qrllpr),

where Dif(60) = E; g? Eq,(xp) [(59 ¢(x¢) — Vlog qt(xt)) (V log pODE (x¢) — Sg t(xt))]

2
and  Dopg(0) = E, =+ L eq(xt) [(59 e (xe) — Vlogqt(xt)) (Vlogpg (x¢) — Vlogqt(xt))]

* Minimizing DFISher(H) does not guarantee a good pODE.

" Needs ODE solver:
Amil costly.

(2) Data (b) ScoreODE (¢) ScoreODE
(first-order SM) (third-order SM)
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Reverse Prob. Flow ODE and Data Likelihood [LzB+223]

2
* Let DAPE (0) = Eq [ Eq, (1) || V10g p§PE (xe) — Viog q.(2)]|°].

Y
ODE
DFisher(CIt ”pe,t

Cauchy-Schwarz = Dgpg(0) < \/DFisher(H)\/DQiEfer(Q):

=> To learn pggE, min. both Dgisher(0) and D2, () = Hard to estimate DFiSher(thpg?E :

e Thm. 2.
(

IVVT log p§2° (x|, < C,
”Se,t(xt) — Vlog CIt(xt)”Z < 0y,
”ng,t(xt) — VV' log qt(xt)”F < 0y,

kHth‘ (ng,t(xt)) — Vtr(VVT log g, (x;)) Hz < 6,

U is strictly increasing with 81, 05, 63 if g # 0.
* Dgisher(0) can also be bounded by 65 :

A

Vt, xe = DFisher(CIt”pg,]t)E) < U(t;61,62,63,C,q).

It suffices to match 15t — 3rd-order score functions to learn pg o= !
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Reverse Prob. Flow ODE and Data Likelihood [LzB+223]

* High-order denoising score matching:
Iteratively leverage the known q(x;|xy) = ]\f(xt|\/a_tx0, 0,;21) as a noising distribution.

* First-order: g_, [||5,{_:r,ht:ﬁ} — V& 1ngq,5(:1:,¢)||ﬂ =) (" =argminE,, . [%Hats-l (¢, t;0) + e“ﬂ
0 i

\ J

Y ~
« Second-order: with a good first-order model $;, DDSMqtlo(CIO”pQ,t)
« . 1
Eq, (2. |:H82(113t,t; 0) — Vi 10gqt(3:t)HH ) ) = a,rg;’mnEmO,E |:?H0'?32(mt,t; 0)+1— ﬁlfr‘i] :
t

£(e,xp,t) = 0i81(xy,t) + €
Effectiveness: ||s2(x¢,t;0) — V3 log g (z,)|| .
< ||so(®s,t,0) — sa(me, t:0%)|| p + 05 (4, 1), O1(@4, 1) = [|81 (2. t) — Vg log qe(x:) |2

* Laplacian (trace) version:
trace 2 2 ‘ 9* — - inE 1
By, ) |85 @0, 1:0) = tr(V2 log qo(@0)) | = argmin Eeg.e | —

2 _trace 2 2
5 ol sh (:ﬂ:,,t;ﬁ'Hd—lllez) }
t
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Reverse Prob. Flow ODE and Data Likelihood [LzB+223]

* High-order denoising score matching:
Iteratively leverage the known q(x;|xy) = ]\f(xt|\/a_tx0, 0,;21) as a noising distribution.
 Third-order: with good first & second-order models §; & §,,

1

Eq, (20 [{‘S:_{(mﬂ,t;ﬂ) — Va tr(Vilogqi(mi))Hi] ) O = arp;mmIE?;.;ME [ ”rrf s3(x¢,1;0) +Eg|2]

oy
(€, o, t) = 048 (¢, t) + €,
ly(€, o, t) = 078a(xy,t) + 1,
O3(€e, g, t) = (] €1 |50 — tr(£2)I — 205) £,

In practice:
* |gnore the oj.0/.0f weightsin the objectives to reduce variance.

* Optimize the same model: Let §1(x¢,t) :== sg(x4,t) and Sa(@¢,t) == Vgse(xs, 1) and
s3(@e,1;0) =Vatr(Vesg(xy, t))

* Stop-gradient of §; and §, w.r.t 8 in second and third-order score matching.
* vs. Directly maximizing logpODE Step-by-step training (and O (1) cost in each step) is more efficient.
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Reverse Prob. Flow ODE and Data Likelihood [LzB+223]
 Variational gap of [SDME21, Thm.1]:

g Tg - ~~ |12
KL(CIOHPS%E) DFlsher (6 /1() — ()) + KL(QT”pT) f Zt eq(f)”SG,t(x) _ VlogptSDE(x)” dt

T - ~n2
= [T Ly (lls0.:®) — Viog q: @) = [|s6,:@) — V1ogpfPE@®)||*| dt + KLgrllpr):
« Self-consistency sy . (%) = Vlog p?°F (%) indeed closes the gap.

* But for f;(x;) = a;x; (a; < 0) and a finite T, when self-consistent,

pPE (incl. p3PE) is doomed a Gaussian:

* Reverse SDE dx, = (atxt - —Vlog ptDE(xt)) dt + % —dB,, p3PE(x) = N (x7]0,1).
< Forward SDE dx; = a;x; dt + =- gt dBt, p3PE(xr) = N (x7|0, D).
7S’]|)oE(xT|xo) = N(XT|CTXO:CTUTI) pr " (xr) = N (x|0,1).

=> When T is finite, ¢ # 0, so p3PE(x,) is also a Gaussian.

* For a finite T, the nongaussianity of pg , is encoded in the non-self-consistency sg ; — Vlog pPE.

* For a finite T, KL(gr||pr) > 0 and constant, so non-self-consistency helps minimizing KL(qollpgDE

* Does not conflict the reverse-SDE perspective when T — oo: ¢, = 0.
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Schrodinger Bridge

* The undilated dynamics converges to pyrior Only asymptotically:

Trade-off between #layers N and |pN — Dprior| €Iror.
* Discretization with time dilation/inhomogeneity transfers the error to discretization error.

e Schrodinger Bridge: Exactly connects the two distributions.

m* = argmin {KL(w|p) : m € &N41. To = Pdatas TN = Pprior | -

* Pyniq: space of distributions on XN *1,
* p=py.n: areference defined by a forward process.



Schrodinger Bridge

Schrodinger Bridge: Background
m* = argmin {KL(7|p) : m € Zny1, To = Pdatas TN = Dprior | -

e Static Schrodinger Bridge:
KL(7|p) = KL(mg n|po,n) + Ex, o [KL(7)0,n

where 7%* = argmin {KL(7%|po n) : 7 € %9, T = Pdata, T = Pprior J -

po.n)] DT (xo.n) = ™ (20, TN )Pjo,N (T1:N—1|T0, TN)

* Entropy-Regularized optimal transport formulation:
XU)] —H(7®) : 7° € 9, 7§ = Pdatas Ty = ppriﬂr} -

7% = argmin { —E- log pnjo(Xnw

For VE SDE (NCSN): Pri1jx(Zra1|mr) = N (2pi1: 2k, 02, 1) D pwpo(an|zo) =N (en;zo,02) with o2 = 3, o7

> 5% = argmin {E_«[|| Xg — Xy
* Practical algorithm: Iterative Proportional Fitting (IPF).

ﬂ2ﬂ+1 = arg min {KL(?T|T1'2H) T T E '@N—Flz ™ = ppriﬂr} , Reverse process

2] - ZJQH(WS) D € HPo, My = Pdatas Ty = ppri@r}

m2"+2 — arg min {KL(?T|T1'2H+1) T E Py, Tg= pdam} . — Forward process
. 0 —
Starts with " = p. — Forward process
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Schrodinger Bridge

* Representation of IPF iteration [DTHD21]:
ﬂ'?ﬂ_l'l = arg min {KL(?THTEH\J T E '@N+l,~ TN = ppriﬂr} , —__r = qn, reverse process

m2n+2 = arg min {KL( T|T1'2ﬂ+1) . TE PNyt, M0 =DPdaa)- —— :-p" forward process

2q (ID N) = ppnﬂr(mN) Hk 0 pk|k+1{5«"k|wk+1?1 p +1(33D N) = pdatﬂ(mﬂ) Hk —0 qk+1|g(mk+1|wk?-
_ pk+1|k(ﬂ’k+1|$kh’2 (k) B QE|;¢_|_1($F:|$k+1)qk+1(mk+1)
PRy (Trs1) B q ()
reverse conditional of the forward process forward conditional of the reverse process
* |terative Mean-Matching Proportional Fitting:
If {IE|;¢_|_1($.I:|I.I:+1) = N(zr; By (@ry1), 295411), pEHm(ﬂ:kH 1) = N(2k11; Fi (zk), 29k411),

then Br . = argmingcraga pa) Epp . [IB(Xk+1) = (Xks1 + FF(Xi) — FZ (Xe41) 1%,

F;?_l_l = arg miHFELi&(:{d;{d} EQ’E,A:-l-l [”F(Xk Xﬁc + Bk+1(X.‘c—|—1) f_|_1(Xk))”2]

e Diffusion Schrodinger Bridge:
Learn step-conditioned models: By~ (k,z) =~ B}}(x) and F,»(k,z) = F[*(z).

Chang Liu (MSR) 66



Schrodinger Bridge

 Diffusion Schrodinger Bridge [DTHD21]:

£ = Forward 4 ‘ ‘
( k. rwarc {‘\
DSB 1 \_) bl Sus L LW
<, ' : . . » " " ‘ 0.":‘:1.
T — o, — e
. Backward — .
: | ! |
DSB Steps A v H
= % Forward
{ » _ orward —my _; :‘:.
\ p e Rt ks
DSB 5 N
o ' Backward
Y : Generative Model
t b
t=0 t="T

Chang Liu (MSR)
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