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Equivariant Diffusion Models

® - 4-le-lu- L

Starting dx; = f;(x;) dt + o, dw, -~
distribution Target distribution
Generation:
* Invariant start Po(Xo) = po(g - Xo)
 Equivariant process' (g -).f;(x;) = f:(g - x;)

>
L Invariant target p.(x;) = (g -x;)

1wy is invariant if the group action is isometric.



Equivariant Diffusion Models

® - \4-le-lu- L

Starting dx; = f;(x;) dt + o; dw, l
distribution Target distribution
Generation: Training:
* Invariant start Po(Xo) = po(g - Xp) fg (x;) = coeffl; x; + coeff2; Dg +(X¢),
° i i 1 . — . . 2
Equivariant process' (g -).f:(X;) = f:(g - X¢)  where mjn ]Ep(xl,xt)”DG,t(Xt) — x|,

>

L Invariant target p1(x1) =p1(g - x1) ? Dg (%) still learns a full mapping:

Can we leverage symmetry to reduce learning
difficulty?

1wy is invariant if the group action is isometric.



The View under Quotient Space
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Quotient-Space Diffusion Process

dXt — ft(Xt) dt + O¢ th,
X0 ~ Po-
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“mean curvature vector field”:
effect of volume change across equivalence classes
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Quotient-Space Diffusion Process
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Quotient-Space Diffusion Process

dXt — ft(Xt) dt + O¢ th,
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intra-equiv.-class
M move only ~
. i For characterizing For easier o, e
P intrinsic move simulation P Ex T VX
i I
T i”*x horizontal lift:
v

! o2 inter-equiv.-class move only
z h(y;) dt + o; dwy,

X dy, = (m.f;)(y,) dt — =
e Sl T I e, S

~ TTuPy. :
Yo #P0 “mean curvature vector field”:
effect of volume change across equivalence classes



Quotient-Space Diffusion Process

2 .
dXt — ft(Xt) dt + O¢ th, dXt — th(ft(xt)) dt — O-?th(xt) dt + O-tPXt th,

Xy ~ Po- ~
0~ Po X0 ~ Po- V, = kerariy:

o intra-equiv.-class -« B (v)
move only S = T, (V)
: For characterizing For easier
X . .. ) . X 2 j_[ — V 1
o intrinsic move simulation x T Vx
i I I
T, horizontal lift:
1 I
v

! o2 inter-equiv.-class move only
z h(y;) dt + o; dwy,

X dy, = (m.f;)(y,) dt — =
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Quotient-Space Diffusion Process

2
0' ~
dXt — ft(Xt) dt + O¢ th, dXt — th(ft(xt)) dt — ?th(xt) dt + O-tPXt th,
XO ~ pO- XO ~ pO- 4 Conventional Equivariant Diffusion
. - — Quotient-space Diffusion
Ir 3 py Conventional Equivariant Diffusion
M <~ — Quotient-space Diffusion

Conventional Equivariant Diffusion

& E For characterizing For ea ™ BWtient-spac Siision
P intrinsic move simule +
i I
: | 0
T T
L i
h(y;) dt + o; d

Tl (V) dYt = (n*ft)(yt) dt — =+
_ = Q9 2
Y/:?(?N/ Yo ~ TuDo. ——

“mean curvature vector f ..
effect of volume change across equ |




Quotient-Space Diffusion Process

2 _
dXt — ft(Xt) dt + O¢ th, dXt — th(ft(Xt)) dt — O-?th(xt) dt + O-tPXt th,
IXO ~ pO' XO ~ Po- Conventional Equivariant Diffusion
- = Quotient- Diffusi
/Shape space. Q = R%IXM/SO(3) A 3 Cg:v::tij::lcgquliv::::t Diffusion

~ Quotient-space Diffusion
Conventional Equivariant Diffusion
Quotient-space Diffusion

forx = [f(”)]n, vV = [ﬁ(")]n,
P, (v) = :13(") —Kx)™ (Zﬁrﬂ (1) x ﬁ("')) X 9?(")] ,
h(x) = [(K®) ™ —a(Kx)™HI) f(")]n,

where K(x) = Z,’Ll”f(")nzl — N _ ¥ g g g3%3,

Removes total/rigid-body angular momentum!
\ Leaves only deformation (change of shape)! A




Quotient-Space Diffusion Process

Generation guarantee:

Same (p;); ! )
— — Ot ¥
dx; = f;(x;) dt + o, dwy, <:> dx; = th(ft(xt)) dt — 7h(xt) dt + oy F, dwy,

IXO ~ pO' XO ~ pO- s Conventional Equivariant Diffusion
- — Quotient-space Diffusion

/Shape space: Q = R%IXM/SO(3) A 3 Conventional Equivariant Diffusion
R R Quotient-space Diffusion

for X = [x (n)] , V= [U (n)] , 5 Conventional Equivariant Diffusion
n n - Quotient-space Diffusion

P(v) = [3® - K@)~ (ZNo, #) x 5()) x 2] |
- n

h(x) = [K®)™ - tr(KE)™H D 2]

where K(x) = Z,’Ll”f(")nzl — N _ ¥ g g g3%3,

Removes total/rigid-body angular momentum!
\ Leaves only deformation (change of shape)! A




Reduction of Learning Difficulty

2 2
Training convenience: [E||D9’t(xt) — x1|| -> IE||PXt(D9,t(xt) — x1)|| ;
no need to learn anything corresponding
to intra-equiv.-class movement!

- Reduction of learning difficult
Training strate Optlrpdl : -y Sampling
fo:t) &y solution Removal of ~ Removal of variance compatibility
2 of Dy equivalent DoFs on equivalent DoFs

Conventional loss

E||Do(x¢,t) — x1)° Elx1[x] X X /

quotient-space diffusion loss  E[Px, (x1)|x¢] + vY

E||Px,(Do(x¢,t) — x1)||2 for arbitrary v¥e Ker(Py,) v/ / v




Reduction of Learning Difficulty

2 2
Training convenience: [E‘.||D9’t(xt) — x1|| -> IE||PXt(D9,t(xt) — x1)|| ;
no need to learn anything corresponding
to intra-equiv.-class movement!

e Optirpal Reduction of learning difficulty SRl
r dmfmc f) rategy solution Removal of  Removal of variance compatibility
oL A% of Dy equivalent DoFs on equivalent DoFs

Conventional loss

E||Do(x¢,t) — x1)° Elx1[x] X X /

v.s. Alighment-based methods: le(x) = argmin d(x',y)

GeoDiff alignment loss x'e{g-x1g€G}
E“DO(Xta ’) o Axt (XI)” ]E[Axt (X1)|Xt] X F X

AF3 alignment loss g - E[Ax, (X1)|x¢]

]EHDO X¢,t)— -ADo(xt,t) X1) H2 for arbitrary g € G v e X

quotient-space diffusion loss E[Px, (x1)|x¢] + vV

E||Px,(Do(x¢,t) — xl)ll for arbitrary v¥e Ker(Py,) v/ / v




Reduction of Learning Difficulty

2 2
Training convenience: [E‘.||D9’t(xt) — x1|| -> IE||PXt(D9,t(xt) — x1)||
no need to learn anything corresponding
to intra-equiv.-class movement!
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Results: Molecular Structure Generation

Recall Precision
Datasets Methods Coverage 1 AMR | Coverage T AMR |

mean median mean median mean median mean median

CGCF 69.47 96.15 0425 0374 3820 3333 0711  0.695

GeoDiff 76.50  100.00 0297 0229 5000 3350 1.524  0.510

GEOM.QM9  CeoMol 91.50 100.00 0225 0.193 87.60 100.00 0270 0.241
(Positive samples  Torsional Diff. 92.80 100.00 0.178 0.147 9270 100.00 0221  0.195
re within MCF 95.0  100.00 0.103 0.044 937 100.00 0.119 0.055
0.5 ARMSD.)  ET-Flow(SO(3)) 9598 100.00 0.076 0030 92.10 100.00 0.110 0.047
+ Geodiff alignment 95.71  100.00 0.085 0.040 9520 100.00 0.098  0.050

+ AF3 alignment 9267 100.00 0.131 0070 8438 100.00 0.205 0.146

+ Quotient-space diffusion  96.40  100.00 0.069 0.024 9330 100.00 0.096 0.036

GeoDiff 42.10  37.80 0.835 0809 2490 1450 1.136  1.090

GeoMol 4460 4140 0875 0834 43.00 3640 0928 0.841

Torsional Diff. 7270 80.00 0582 0565 5520 5690 0778  0.729

MCEF - S (13M) 794 875 0512 0492 574 576 0761 0715

MCEF - B (62M) 84.0 915 0427 0402 640 662  0.667 0.605

GEOM-DRUGS  MCF - L (242M) 847 922 0390 0247 668 713 0618 0.530
(Positive samples “pp 104, (8.3M) 79.53 8457 0452 0419 7438 8104 0.541 0470
are within + reproduction 78.94 8424 0489 0472 6624 70.42 0.651  0.595
0.75 ARMSD.) | Quotient-space diffusion 79.86 8571 0459 0433 7270 79.63 0.565 0.501
ET-Flow(SO(3)) (9.1M) 78.18 8333 0480 0459 6727 7115  0.637 0.567

+ reproduction 7491 8090 0541 0515 6033 6271 0724  0.665

+ Geodiff alignment 75.11 8074 0545 0526 5958 60.48 0.734  0.678

+ AF3 alignment 7166 7609 0572 0570 5221 50.00 0.828  0.793

+ Quotient-space diffusion 78.50 84.20 0477 0455 6735 7142 0.635 0.563




Results: Protein Structure Generation

Settings Methods Designability (%) T FPSD vs. £S fISD vs.

PDB| AFDB| (C/A/T)T PDB| AFDB|

FrameDiff 65.4 1942  258.1  2.46/5.78/23.35  1.04 1.42

FoldFlow (base) 96.6 601.5  566.2  1.06/1.79/9.72  3.18 3.10

FoldFlow (stoc.) 97.0 543.6 5204  1.21/2.09/11.59  3.69 2.71

FoldFlow (OT) 97.2 4314 4141  1.35/3.10/13.62  2.90 2.32

Representative ~ FrameFlow 88.6 129.9 159.9 2.52/5.88/27.00  0.68 091

References ESM3 22.0 9339 855.4 3.19/6.71/17.73 1.53 0.98

Chroma 74.8 189.0  184.1  2.34/4.95/18.15  1.00 1.08

REDiffusion 94.4 2537 2524  2.25/5.06/19.83 1.1 1.13

Proteus 94.2 2257 2262  2.26/546/1622 1.4l 1.37

Genie2 95.2 350.0  313.8  1.55/3.66/11.65 221 1.70

Proteina M, v = 0.35 96.0 386.5 3782  1.77/497/17.78  2.17 1.73

+ Quotient-space diffusion 97.6 274.7 277.1 2.24/6.69/20.99 1.68 1.55

SDE Proteina M v = 0.45 92.2 3329 3204  1.83/5.01/2022  1.93 1.49

Sampling + Quotient-space diffusion 92.6 2445 2463  2.24/6.68/23.47  1.43 1.28

Proteina M, v = 0.50 89.2 306.2 290.8  1.86/4.92/21.15 1.81 1.36

+ Quotient-space diffusion 90.2 228.0 228.7 2.25/6.59/25.24  1.32 1.17

Proteina Mgs 19.6 85.4 21.4  251/5.65/27.35  0.59 0.09

ODE Proteina Mg 13.8 83.2 21.9  2.45/5.63/31.76  0.58 0.12

Sampling + AF3 alignment 3.8 229.0 824  2.18/430/1428  1.35 0.36

+ Quotient-space diffusion 15.6 69.9 17.6 2.57/6.40/32.14 041 0.11




Thanks!

Check out our paper
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