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CONTRIBUTIONS
In theory:
• Particle-based Variational Inference methods

(ParVIs), e.g., Stein Variational Gradient De-
scent (SVGD) (Liu & Wang, 2016), approxi-
mate the Wasserstein gradient flow by a com-
pulsory smoothing assumption.

• ParVIs either smooth the density or smooth
functions, and they are equivalent.

In practice:
• The smoothing theory inspires two new

ParVIs and a bandwidth selection method.
• The gradient flow perspective inspires an ac-

celeration framework for all ParVIs.

PRELIMINARY
The Wasserstein space P2(X )

Tangent vector v on P2(X )⇔ vector field X on X .
Gradient Flow (GF) of KLp(q): vGF = ∇ log p−∇ log q.

ParVIs
• vSVGD(·) := Eq(x)[K(x, ·)∇ log p(x) +∇xK(x, ·)],
H: the RKHS of a kernel.
• Blob (Chen et al., 2018) vBlob := ∇ log p − ∇ log q̃ −
∇
(
(q/q̃) ∗K

)
, q̃ := q ∗K (convolution).

PARVIS APPROXIMATE WASS. GRAD. FLOW BY SMOOTHING
L2
q / C∞c : integr. / comp.-supp smth vec-val func.
SVGD approximates Wass. grad. flow.

Thm. 2. vSVGD =max · argmaxv∈HD,‖v‖HD=1〈vGF, v〉L2
q
.

Note vGF = max · argmaxv∈L2
q,‖v‖L2

q
=1〈vGF, v〉L2

q
.

Smoothing functions
Theorem 3. For Gaussian kernel K and abs. cont.
q,HD is isometrically isomorphic to

G := {φ ∗K : φ ∈ C∞c }
L2

q .

Note C∞c
L2

q = L2
q : HD smooths L2

q .

Smoothing the density
vGF = −∇

(
δ
δqEq[log(q/p)]

)
=⇒ vBlob = −∇

(
δ
δqEq[log(q̃/p)]

)
.

Equivalence: for obj. in smth. fun. Eq[L(v)],
Eq̃[L(v)] = Eq∗K [L(v)] (smth. dens.)

= Eq[L(v) ∗K] = Eq[L(v ∗K)] (smth. func.)
Necessity: well-definedness of vGF.

Theorem 4. For q = q̂ and v ∈ L2
p, opt. prob-

lem for SVGD has no opt. solution. SVGD
transfers the assmp. on q to func.

NEW PARVIS
GF with smoothed density (GFSD):
vGF = ∇ log p−∇ log q

=⇒ vGFSD := ∇ log p−∇ log q̃.
GF with smoothed function (GFSF):

vGF = ∇ log p+ argmin
u∈L2

max
φ∈C∞c ,
‖φ‖L2

q
=1

(
Eq[φ ·u−∇·φ]

)2
=⇒
vGFSF :=∇ log p+argmin

u∈L2

max
φ∈HD,
‖φ‖HD=1

(
Eq[φ·u−∇·φ]

)2,

v̂GFSF = ĝ + K̂ ′K̂−1.

ACCELERATED FIRST-ORDER METHODS ON WASS. SPACE

Applying Riemannian Accelerated Gradient (Liu
et al., 2017) and Riemannian Nesterov’s method
(Zhang & Sra, 2018) to P2(X ):
requires exponential map and parallel transport.
• Exp. map (Villani, 2008): Expq(v) = (id +v)#q.
• Inverse exp. map:

For pairwise close samples {x(i)}i of q and
{y(i)}i of r,

(
Exp−1q (r)

)
(x(i)) ≈ y(i) − x(i).

• Parallel transport: For pairwise close samples,(
Γrq(v)

)
(y(i)) ≈ v(x(i)).

Alg. 1: Wasserstein Accelerate Gradient /
Wasserstein Nesterov’s method.
Use aux. distr. r with ptcls. {y(i)}i. In iter k:

• Find v(y
(i)
k−1) by SVGD/Blob/GFSD/GFSF;

• x(i)k = y
(i)
k−1 + εv(y

(i)
k−1);

• y(i)k = x
(i)
k +{

WAG: k−1
k (y

(i)
k−1 − x

(i)
k−1) + k+α−2

k εv(y
(i)
k−1);

WNes: c1(c2 − 1)(x
(i)
k − x

(i)
k−1);

Pairwise-close condition holds.

BANDWIDTH SELECTION
Dynamics dx = −∇ log qt(x) dt produces qt
obeying ∂tqt(x) = ∆qt(x) (Heat Equation).
Approximate qt(x) by kernel smoothed density
q̃h(x; {x(i)}Ni=1) with particles (h: bandwidth).
Then:
• qt+ε(x) ≈ q̃(x) + ε∆q̃(x) (HE).
• qt+ε(x) ≈ q̃(x; {x(i)−ε∇ log q̃(x(i))}Ni=1)

(Dynamics on the particles).

Objective: minh
1

hD+2

∑
k

(
q̃(x(k)) + ε∆q̃(x(k))−

q̃(x(k); {x(i)−ε∇ log q̃(x(i))}Ni=1)
)2

.
(dimensionless)

EXPERIMENTS
Synthetic Experiment

Median method HE
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EXPERIMENTS: LATENT DIRICHLET ALLOCATION
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